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Abstract

Our aim is to rigorously derive a hierarchy of one-dimensional models
for thin-walled beams with rectangular cross-section, starting from three-
dimensional nonlinear elasticity. The different limit models are distin-
guished by the different scaling of the elastic energy and of the ratio
between the sides of the cross-section. In this paper we report the first
part of our results. More precisely, denoting by h and J;, the length of the
sides of the cross-section, with 6, < h, and by €7 the scaling factor of the
bulk elastic energy, we analyse the cases in which 0y /e, — 0 (subcritical)
and 6 /ep — 1 (critical).
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1 Introduction

Geometrically, a thin-walled beam is a slender structural element whose length
is much larger than the diameter of the cross-section which, on its hand, is larger
than the thickness of the thin wall. This kind of beams have been used for a
long time in civil and mechanical engineering and, most of all, in flight vehicle
structures because of their high ratio between maximum strength and weight.

Because of their slenderness thin-walled beams are quite easy to buckle and
to deform and hence, in several circumstances, their study has to be conducted
by means of nonlinear theories.

The purpose of this paper is to rigorously derive a hierarchy of one-dimension-
al models for a thin-walled beam, starting from three-dimensional nonlinear
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elasticity, in the spirit of what has been done in [11] for plates. The differ-
ent limit models are distinguished by the different scaling of the elastic energy,
which, in turn, depends on the scaling of the applied loads.

More precisely, we shall consider a beam of length ¢ with a rectangular cross-
section of sides h and 6. Let Qp := (0,€) x (=h/2,h/2) X (=6n/2,6r/2). To
model a thin-walled beam we shall require that

h—0 and %’ﬂﬁo.

The three-dimensional nonlinear elastic energy (per unit cross-section) associ-
ated with a deformation v : ), — R? is given by

1

Eh('U) = h—éh o

W (Vu(z))dz,

where W is the elastic energy density of the material. As classical in dimension
reduction problems, we rescale the domain €2, to a fixed domain Q := (0,¢) x
(—=1/2,1/2) x (—=1/2,1/2) and, accordingly, we rescale deformations by setting
y(x) = v(x1, hag, dpxs) for every x € Q. After this change of variables the
elastic energy rewrites as

1) = [ W(Tae)) de with Ty = (v, 52,52,
Q h ' oy
where V5 y denotes the rescaled deformation gradient.
We consider a sequence of deformations (y") for which the energy scales as
5,2” where (g5,) is a sequence of positive numbers; more precisely, we assume that

"(y") < Cej,.

This bound is, for instance, satisfied by sequences of global minimizers of the
total energies
T"y)= | W(Vpy)de — [ f"-yda,
Q Q

assuming the applied loads f" to be of order €2 (see Section 6). The asymptotic
behaviour of the sequence (y"), as h — 0, is described by the limit of the
functionals 1" /2 in the sense of I'-convergence (we refer to [6] for a complete
treatment of T'-convergence). The expression of the I'-limit depends on the
behaviour of ¢, with respect to the intrinsic scale §,. More precisely, we can
identify three main regimes:

1)
e subcritical: & =29 0;

€h

. On h—0
e critical: — =23 1;

Eh
On
Eh

- h—0
e supercritical: oo



In this paper, in which we report the first part of our studies, we focus on
the subcritical and the critical regimes. The supercritical regime will be studied
in a forthcoming paper.

In the subcritical regime it is easy to see that, if €, = O(1), then the I'-limit
of the functionals "/ a,% exists, up to subsequences, and coincides with the non-
linear string model deduced in [1] for a beam of uniformly small cross-section.
If instead limp_0ep = 0, we show (Theorem 4.1) that, under appropriate as-
sumptions on W, the I-limit of 1" /&2 is given by

Ln) =10 TYEWHOORY, Jya] <1,
bt = +o00  elsewhere.

The most technical part in the proof of this result is the limsup inequality,
where the definition of the recovery sequence is based on the construction of
a two dimensional isometry with prescribed Dirichlet and Neumann boundary
data on [0, /], see Lemma 4.6. The functional Iy, denotes the energy of an
inextensible string, or more precisely, since the string can grow shorter but not
longer (because of the constraint |y1]| < 1), sy denotes, to use a terminology
introduced by Pipkin [17], the energy of an inextensible string with slack.

In the critical regime, again under appropriate conditions on W and under
the additional assumption that limy,_,o h%/8;, = 0, we show (Theorem 5.1) that
the T-limit of 1" /2 is finite only in the class

A= {(y, dz,ds) € W22((0,0);R?) x WH((0,£);R?) x WH2((0,£); R?) :
(y.1]d2|d3) € SO(3) and y1 - d21 =0 a.e. in (0,0)},

and is given by

1 /f .
— [ Q2(y1-dsy,da-d31)dey if (y,dz,d3) € A,
Ierit(y,da,d3) =< 24 Jo

+o00 elsewhere,

where Q)2 is a quadratic form which can be easily computed from the knowl-
edge of W (see (3)). The proof of the liminf inequality deeply relies on the
rigidity estimate obtained by Friesecke, James, and Miiller [10]. The assump-
tion limy_q h?/8, = limy o en /(01 /h)? = 0 is crucial in the construction of the
recovery sequence. Heuristically, it allows us to stretch the mid-plane, i.e., the
1129-plane, by deformations of order &5, /(85/h)%. When limy, o ep/(5,/h)% # 0
the mid-plane must undergo a deformation which is very close to an isometry.
For this reason we conjecture that, in this range, the I'-limit should coincide
with the I'-limit of the non-linear Kirchhoff functional for a rectangular plate,
representing the mid-plane of the beam, when the length of one of the two sides
approaches zero. In Remark 5.2 we tried to explain the difficulties we encoun-
tered in the case limy,_0¢ep/(6n/h)?> = +o0o. The functional I..; denotes the
energy of a Cosserat thin-walled beam, where da(21) and d3(z1) are the directors
which characterize the configuration of the material section of coordinate x;.



The fact that (y1]dz|ds) € SO(3) implies that the material section remains at
first order orthogonal to the axis of the beam. The warping of the cross-section
with respect to the normal plane emerges as a higher order effect (of order
hép). The quantities y 1 -ds 1 and y 1 -d21 may be interpreted (see Antman [2,
88-6]) as the flexural strains around the axis x5 and x3, respectively, while the
quantity ds - d3,; may be interpreted as the torsional strain. The new condition
y,1-dz,1 = 0 implies therefore that there is no flexion around the axis x3. Since
y,1-de = 0, the constraint rewrites as y 11 -dz = 0, and, when y 11 # 0, it can
be rewritten, by using a Frenet frame, as kn-da = 0 where & is the curvature
and n is the normal to the curve y.

Case compatible with n-dy =0 This case cannot happen: n-dy = £1

I'-convergence results for thin-walled beams were obtained within the the-
ory of linear elasticity in [7, 8, 9], while I'-convergence results for beams within
the nonlinear framework were deduced in [1, 15, 16, 18, 19]. A very different
approach to nonlinear rod equations, based on centre manifold theory, was pur-
sued by Mielke [14]. We also mention [4, 5], where a constrained membrane
theory analogous to Ig,p is derived by means of careful approximation results
for short maps, that are close in spirit to the analysis performed in Section 4.

The paper is organized as follows. In Section 2 we describe the setting of
the problem. In Section 3 we prove some general compactness properties for de-
formations having equibounded energies. Section 4 is devoted to the subcritical
case, while Section 5 to the critical regime. Finally, in Section 6 we introduce
applied loads and discuss convergence of minimizers.

Notation. Throughout this article, and unless otherwise stated, we index vec-
tor and tensor components as follows: Greek indices «, 8 and 7y take values in
the set {1,2} and Latin indices ¢, j, k, [ in the set {1,2,3}. With (e1, ez, e3)
we shall denote the canonical basis of R3. The component k of a vector v
will be denoted either by (v)x or vy and an analogous notation will be used
to denote tensor components. Given two vectors v,w € R3, we denote their
vector product by v X w. The notation u is used to denote the derivative
of a scalar or vector function u with respect to the k-th variable. If u is a
function of one variable, then the derivative will be denoted by ' or u; in-
differently. LP(A; B) and W™ P(A; B) are the standard Lebesgue and Sobolev



spaces of functions defined on the domain A and taking values in B, with the
usual norms || - ||zr(a;p) and || - |[wmr(a;B), respectively. When B = R or
when the right set B is clear from the context, we will simply write LP(A) or
WP (A), sometimes even in the notation used for norms. Convergence in the
norm, that is the so-called strong convergence, will be denoted by — while weak
convergence is denoted with —. With a little abuse of language, and because
this is a common practice and does not give rise to any confusion, we use to call
“sequences” even those families indicized by a continuous parameter i which,
throughout the whole paper, will be assumed to belong to the interval (0, 1].
Finally, all throughout the paper, the constant C' in any statement may change
line by line. For A € R3*3 we denote the Euclidean norm (with the summation
convention) by |A| = /tr(AAT) = |/a;;a;;. Accordingly, the distance of A
from SO(3) = {Q € R¥3 : QTQ =1,detQ =1} is

dist(4, SO(3)) = inf{|A— R| : Re SO(3)}.

2 Setting of the problem
Let
Qp = (0,6) X wp C RS,

where
wh = {(22,23) : |22 <h/2, |25] < 6/2} CR?

with h >0, §; := 1 and

Henceforth we shall refer to §2; as the reference configuration of a three-
dimensional body and denote the elastic energy (per unit cross-section) associ-
ated with a deformation v : Q5 — R3 by

1

E" =—
() hén Ja,

W (Vu(z))dz.
We assume that the stored energy density W : R3*3 — [0, +o00] satisfies the
following assumptions:

1. W e C%(R3*3), W is of class C? in a neighborhood of SO(3);

2. W is frame indifferent, i.e., W(F) = W(RF) for every F € R3*3 and
R e 50(3);

3. W(F) > Cdist*(F, SO(3)), C > 0; W(F) = 0 if F € SO(3).
A key role will be played by the following quadratic form:

82

8F2 Z 5E]5sz
i,5,k,l=1

Q3(F) = (I)Fij Fu, F e R*,



In view of 3 this form is positive semi-definite and hence convex. Moreover, by
1 and 2 we have that (see, e.g., [12, Section 29])

(1)

In the special case when the energy density W is isotropic, that is, W(RFQ) =
W (F) for all F € R3*3 and R,Q € SO(3), it turns out that

F—i—FT)'

Qs(F) = Qs(—

F+FT
= (2)

Q3(F) =2ple* + Atre)®, e

for some A\, u € R.
One of the limit problems will be stated in terms of the function

QQ(OZ,ﬁ) = mln{Qg(A) A€ RBxS, AT = A, A11 = «, A12 = ﬂ} (3)

Let us remark that Qs is a positive definite quadratic form. Moreover, in the
isotropic case where Q3 takes the form (2), a simple computation shows that

Q?(au B) = 4Mﬁ2 + ECY2,
2p+3A

where E := p pTES: is the Young modulus of the material.
An immediate consequence of assumption 1 is that, by expanding W around
the identity, we get

o 1A
|A|—0 |AJ?

W+ A) = 5Qs(4) +n(4), =0, @

To state our results it is convenient to stretch the domain 2 along the
transverse directions z5 and z3 in a way that the transformed domain does not
depend on h. Let us therefore set w := wq, 2 := 2, and let

Ph - Q— Qh
be defined by
pr(r) = pu(x1, 22, 23) = (21, havo, 0px3).
For every y € WH2(Q; R3) we define the scaled gradient of y as

Y2 Y,3
\% = sy 77 )
hY (y L S )

where y,; denotes the column vector of the partial derivatives of y with respect
to x;, i = 1,2,3. Then we can consider the rescaled energy I" : W12(Q; R3) —
[0, +00] defined by I"(y) := E"(yop, '), i.e.,

ﬂ@zkwwmwm

for every y € WH2((; R3).



3 Compactness and lower bound lemmata

In this section we establish some general compactness properties for sequences
of deformations with equibounded energy and a lower bound for their energies.
Throughout this section, and the rest of the paper, (g5,) will denote a se-
quence of strictly positive real numbers.
A key ingredient in the proof of the compactness properties is the following
rigidity result proven by Friesecke, James, and Miiller in [10].

Theorem 3.1 Let U be a bounded Lipschitz domain in R™, n > 2. Then there
exists a constant C(U) with the following property: for every v € WH2(U;R")
there is an associated rotation R € SO(n) such that

Vv — R| 2 < CU)| dist(Vv, SO(n))| 2.

Owing to the previous theorem, we can deduce the following approximation
result.

Theorem 3.2 Let (y") be a sequence in W12(; R?) such that

1
2

(/Q dist*(Vpy", SO(3)) dw) < Cey, (5)

for every h > 0. Then there exist a subsequence (not relabeled) and a correspond-
ing sequence of piecewise constant rotations R" : (0,£) x (—=1/2,1/2) — SO(3)
such that

IVay" = R"|| 2 < Cey, (6)

for any h. Moreover, setting x’' = (x1,x2), there exists a constant C such that

(/ |Rh(;[;/ + 5) _ Rh(x/)|2 dx') : < C((|§1| V h|§2|) + 6h)§—h (7)
v h

for any h, any open set V' compactly contained in V := (0,¢) x (=1/2,1/2) and
any € = (&1,&2) such that |£| < dist(V',0V).

PROOF. The proof follows the lines of [10, Proof of Theorem 4.1]. The main
idea is to consider the unscaled domain € and to decompose it into a union
of small parallelepipeds whose sides are approximately of order d5,. On each of
these subsets one can apply Theorem 3.1 using the same rigidity constant, since
one can show that C'(U) is invariant under dilations and uniform bi-Lipschitz
transformations of U. The main difference with respect to [10] is that, because
of the scaling of order h in the x5 variable, the variations of the approximating
rotations in x; and in xo turn out to have a different order of decay, as h — 0
(see (7)).

Without loss of generality we can assume that ¢ = 1.



Let us set v := y" Opg1 : Q) — R3, that is,

Z2 23

Uh(Zh 22,23) = yh(zb T a)
Hence Vo = V9", Let us define
1 h
h .__ h ._ h ._ h .
N = [1/6], N3 :=[h/bs], £]:= N—lh, ly = N_zh’

where [ -] stands for the integer part, and consider the family of pairwise disjoint
subsets of €y,

on O,

Qni ) 1= (= VL) x (=5 + (= D~ +368) x (=2, %)

2
where i =1,..., N and j = 1,..., NI Up to a negligible set, we have that

N{ Ny

Q, = _U Qn i, ).

1=17=1

1200

23

N

|0 (i) 4]

N

2] |
_//

It is now easy to check that each set Qp, (4, j) is the image through a suitable
translation and a d;-dilation of the set

(Oagfll/(sh) X (0,]63/5}1) X (Oa 1)

Since " /6, — 1 for a = 1,2, those sets are, in turn, bi-Lipschitz equivalent to
the unit cube (0,1)% with uniformly controlled Lipschitz constant. Therefore,
by [11, Theorem 5] the same value of the rigidity constant serves for every set
Qn(i, 7). Hence, applying Theorem 3.1 to the functions v” restricted to the sets
Qn(i,j) we have that there exists a family of rotations R"(i,5) € SO(3) such
that

/ IVo"(z) — R, 5)[*dz= < C / dist? (Vo"(2),50(3)) dz  (8)
Qn (4,7) Qn (4,7)



and the constant C' is independent of 7, j and h. Then, there exists a piecewise

constant map R" : (0,1) x (-4, by SO( ) such that
/ |Vl (2) — RM(2)|%d= <Z/ |Vo' (z) — R"(i, §)|?dz
Qp h(Z)]
<Ccy dist? (Vo' (2), SO(3)) dz
Qn(4,4)

<20 [ dist® (Vo"(2),50(3)) dz
Qp

Passing to the fixed domain (2, there exists a piecewise constant map R" :
(0,1) x (=1/2,1/2) = SO(3) and a constant C such that

/ |Vay" — RM2dx < c/ dist® (V4y", SO(3)) da.
Q Q

This proves the first part of the theorem for the whole sequence y".

To prove the second part we have to estimate the variation of R" from a cube
to a neighboring one. To this aim, with a slight change of notation we denote
by Qn(c) the cube with side 6, and center in (a, 0) € R? with a := (a1, as) and
R"(«) will be the corresponding rotation. Setting S5(c) the square with side &
and center in « then we have

on On

Qh(a) = S5h,(a) X (_?7 ?)

Let B = (a1, a2)+ A1e1 + Aaea where {eg, €5} is the canonical basis in R? and
A1, A2 € {0,—=dp,0n}. Then S5, (8) C Sss,(a). By Theorem 3.1, there exists
RG%)(a) € SO(3) such that

RO (a) - Vot (2)Pdz < C [ dist* (Vo' 50(3)dz (9)
s

Sas, (a)x (=24, %) Sasy, (@) x (= 4,24

3

So

. . 2 .
195, (B)||R"(B) — R (a)? < E/ [RM(B) — Vv (2)Pdz+
S5, (B)x (=, %0)
+3/ |R(35”')(oz) — Vvh(z)|2dz.

on
S5 )
Sz, (@) X (=4,

Therefore we have, using (8) and (9) , that

S5, (IR 8) ~ R @)P < 5 [ dise*(Voh 50@) d=. (10)
h

5y 8
Sss, (@)% (=F, )



Since | R" () —R"(B)* < 2(|R" () = RO (@) P+ |R"(8) — RE™) () ), by (10)
and its special case « = 8 (that is Ay = A2 = 0)

S, (@I @) - B @P < 5 [ dis(vehs0@)d: ()

5y 8
Sss, (@) x(=F,F)

which also can be written, being RM piecewise constant,

/ |RM(2' 4 Mier + hoes) — RM(2)[2d2 < 52 / dist®(Vo", SO(3)) dz
Ss,, (@) h

5y 8
Sas), (@) x (=4, 4+)

Hence for n € R? satisfying [n|eo := max{|n-e1|,|n-ea|} < o,

- - C
/ |R"(2' + 1) — R"(2)?ds’ < 5—/ dist?(Vo, SO(3)) dz
S () B )
Let now V' be an open set compactly contained in V' = (0,1) x (=1/2,1/2)
and denote by V; and V, = (0,1) x (—£,%) the corresponding scaled do-
mains. Let us consider a more general translation vector n € R? such that

Moo < dist(V},0V}). As now it can happen that |n|ec > 5, then we set
N := max{[5 - e1], [5- - e2]} and pick no,...,nn+41 such that no = 0, ny41 = 1,
[Mk+1 — Mk|oo < Op. Then

N
[RM(z'+n) = R"(2)P < (N+ 1)) [R"(2' + neya) — B2+ me)?
k=0
and hence
N
~ - C(N+1
/ |RM (2" +n) — RM2)Pd2’ < %Z dist?(Vo", SO(3)) dz.
Sa (@) h k=0" 835, (atmi)x x (=220

Summing over all S5, (o) NV, # @ and using that each z € Vj, x (=4, %
is contained in at most C(N + 1) of the sets Sss, (o + i) x (=2, %) with C
independent of h, then

/ |RM(2 4 1) — R"(2)d2 < g(g Vv |;7—2| +1)? dist?(Vo, SO(3)) dz.
" h Oh h Vi (= o0

20 2

The claim follows now by passing to the fixed domain with the usual change of
variables, setting & = 1 and & = 72 /h and observing that |n|., < dist(V},0V},)
if and only if || < dist(V’, V). O

Lemma 3.3 Under assumption (5), there is a sequence of maps
~h 00
R € (0,4 x [—%, %];R3X3)

such that, for every h >0,

10



1. Héh — RhHLoo < Ohl/QEh/(Sh,
2. thyh — Rh||L2 < Cep,

~h ~h
3. ||R,1||L2 < OEh/5h, ||R,2||L2 < Chah/dh,

where the constant C' may change from line to line. Moreover, if in addition
hl/QEh/dh — 0, then we can take

4. Rh(arl,xg) € SO(3) for every (z1,z2) € (0,€) x (—1/2,1/2) and every
h > 0.

PROOF. The strategy of the proof is the same as in [11, Theorem 6]: we consider
the approximating rotations constructed in Theorem 3.2 and regularize them on
a small scale. The difference quotient estimate (7) translates then into suitable
bounds for the derivatives of the mollifications. In contrast with what is done
n [11], we need to choose mollifiers that have a different scaling in the z; and
xo variables, because of the different order of decay of the variations of R in
the two variables.

Let (R") denote the sequence of rotations of the previous Theorem 3.2 ex-
tended by successive reflections to the whole of R2. Let 7, be any sequence of
mollifiers which will be made precise in the following and

me:mwmm:/MAMW—mwh

Let V! cc V = (0,¢) x (—=1/2,1/2). Using the fact that [n, = 1 and
Holder’s inequality, we observe that

thmmv,:/!/m J(RMy' — ') — RMy)) d='Pdy!

(12)
< [im@rds [ [ R =) - RY )P ay
suppnp, JV’

Let us now choose the sequence of mollifiers as follows: for i = 1,2, let n; €
C2(—=1/2,1/2),m; > 0, [n; = 1 and define

no._ ’ __ﬁ z1 hzo h 21 @
') =my)n(y2), ()= 5,377(% 5h) 52771(5h)772( 5 )-

Then ny, € C°((—01/2,01/2) x (=6x/2h,6,/2h)) and [, = 1. In particular,
for any h small enough, supp 7, is contained into a ball with radius smaller than
the distance from V' to 9V therefore we can apply estimate (7) in (12) and
substitute the expression of 7, so obtaining

|R" — Rh”%%v') < O/ |77h(z’)|2dz’/ ((|z1] V hlza]) + 5h)25,216}:2 dz'
supp nn
2

h 52 50
< C/|gn($’)|2fd;[;/ /Suppnhé 8%6 d7 < 052 hg, CE%

11



which implies that -
||Rh — RhHLz(V) < Cep (13)

since the constant C' does not depend on the choice of V.
Applying Holder’s inequality and proceeding as above, we have

/WEW@’:/|/WAMW—A—HWMMVM
%4 %4

s ] - wores
Supp1n v’ Jsuppnp,

h 22¢-2 5. h o 5}21
<C+ ((|zl|\/h|zQ|)+5h) epoy, “dz < Cep =+
O Jsupp op " h
which implies
_ €h
1Rz < 02 (14)
h
Analogously we can prove that
_ €
Rl 2 < Ché—:. (15)

Rewriting inequality (11) with R"(1,72) = R"(n1,72/h), performing the
corresponding change of variables in the integral on the right-hand side, esti-
mating from above with the integral on 2, and using assumption (5), we have

S2|RM(xy + &1, 20 4+ &) — RM(z1,20) > < Oh/ dist*(Vpy", SO(3)) dz < Che?
Q

for every |&1| < 0y, and |&2| < 0, /h. Then we have

|R" (21, 20) — R"(x1, 22)| < / Inn(Z)||R" (' —2') — R"(a')| dz' < ChY %}, /61
supp
which implies -

|R" — R"|| o < ChY?ey /6. (16)

Conditions 1, 2 and 8 are proven by setting Rh = RM. In particular, 2 follows
from (6) and (13).

Let now assume that h'/2e,/6, — 0. Let II : U — SO(3) be a smooth
projection from a compact neighborhood U of SO(3) onto SO(3). Since by (16)
the functions R" take values in U for h small enough, we can define ]:Zh =
IIR". By the regularity of the projection, Rh is smooth. Condition 4 of the
statement is satisfied. Claim 1 follows from the continuity of the projection and
inequality (16). From (6), (13) and still by continuity of IT we obtain 2. Finally,
claim 3 follows from (14), (15) and the boundedness of the gradient of II. O

Let us conclude this section by proving a useful lower bound of the energy.

12



Lemma 3.4 Assume that lim,_oep, = 0. Let (y") € WH2(Q;R3), (R") C
SO(3) and

o thhyh -1
= -

Gh . — G in L*(Q;R3*3).

Then

o] A 1
_ > — .
hzn_)lglf =/, W(Vpy")de > 3 /., Q3(G) dx

PROOF. The proof is an adaptation of an argument by Friesecke, James, and
Miiller [10]. By expanding W around the identity as in (4) and setting w(t) =
sup 4 <i{In(A)l/|A]*}, we have

W+ 4) > 2Q5(4) — w(A)IAP

where w(t) — 0, as t — 0T,
By the frame indifference of W then we have

W(Viy") =W(R'Viyh) =W +e,G")
2

> 204(G") - Sfulenl GG, o
From the boundedness of G" in L? it follows that the functions
=y i
converge in measure to the constant 1 and are uniformly bounded. Hence
xnG" =G in L2 (18)

By inequality (17) we obtain

1 1
— W(Vpy")dx > —Q/XhW(Vhyh)dx
€h Jao €h Ja
1
> 5 [ 0@ o= [ xwlenlc)ic! do
Q Q

1
= 3 Qg(XhGh)da:—/th(ah|Gh|)|Gh|2dx.
Q Q

Since @3 is a semi-positive definite quadratic form (by the hypotheses on W),
hence convex, the first integral on the right-hand side is lower semicontinuous
with respect to the convergence (18). The second integral converges to zero,
because |G"|? is bounded in L*(Q2) and xpw(er|G"|) < w(y/€},), which converges
to zero. Therefore the claim follows by taking the liminf as h — 0. a
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4 The subcritical case

In this section we focus on the study of the asymptotic behaviour of a sequence
of deformations (y") C WhH2(€; R3) satisfying

") = [ WS de < 2, (19)
Q
where 5
lim &), = lim — = 0. (20)
h—0 h—0 €p,

The main result of the section is the following.

Theorem 4.1 Assume (20). Then the following assertions hold.

1. (Compactness) If (y") c WH2(Q;R®) satisfies (19), then there exist some
constants ¢ € R3 and a function y € WH2(Q;R®) such that |y1| < 1,
yo=y3=0ae inQandy"—c'—yin WH2(Q;R3) (up to subsequences).

2. (Upper bound) For everyy € WH2(Q;R?) such that |y 1| <1, y2=ys3 =
0 a.e. in Q there exists a sequence (y") C WH2(Q; R?) such that y"—y in
W2(;R?) and

1
lim — I"(y") = 0.
7 2 ")
Remark 4.2 Theorem 4.1 implies that, under the assumption (20), the se-
quence (E%Ih) I'-converges in the weak topology of W12(Q;R3) to the func-
h
tional
0 if ly1|<1,y2=y3=0a.e. in,
1) = { -
400 else.

We begin with some approximation lemmata, which will be useful in the
proof of the upper bound.

Lemma 4.3 Let v € L2((0,£);R3) be such that |v| < 1 a.e. in (0,£). Then
there exists a sequence (vy) in C*([0,£]; R3) such that |vg| = 1, v}, # 0 in [0, 4],
and v, — v weakly in L*((0,¢); R3).

PRrROOF. We split the proof into three steps.

Step 1. Assume first that v is constant, that is, v(t) = yo for a.e. t € (0,L),
with yo € R3, |yo| < 1. Then there exist y1,y2 € R3 with |y,| =1 and X € (0,1]
such that

Yo = Ay1 + (1 — A)ya.

As |y1| = |y2| = 1, we can find two pairs (w1, 21), (wa,22) of orthonormal
vectors, which are orthogonal to y; and ys, respectively.

14



Let y, w, z: R — R3 be the periodic functions of period ¢ defined on (0, /]
by
y(t) == X(0rq¥1 + X(0,0Y25
w(t) == X(0,2W1 + X (A, W2,
2(t) == X(0,3121 + X(ae,0725
where x denotes the characteristic function. For every k € N we consider the
function @y : [0, /] — R3 defined as follows:

Op(t) := /1 — a? y(kt) + ax (costw(kt) + sint z(kt)),

where ay, is a sequence of positive numbers converging to 0.
It is well known that the sequence y(k -) converges to v weakly in L2((0, £); R3),
as k — oo. Since ap — 0 and

|costw(kt) 4+ sint z(kt)] =1 for every t,

we conclude that @) converges to v weakly in L2((0,£); R?). Moreover, |0y (t)| =
1 for any ¢ € [0,¢]. Away from the points

1 1
t?’l:ZE(A—i—m)f, t?’Q::Emf, keN, m=0,...,k,

the function ¥y is differentiable and
0, (t) = a ( — sint w(kt) + cost z(kt)),

hence |},| = ar # 0. To conclude it remains to modify ¥ around the jump
points ¢,"” in such a way to obtain a smooth function. Let 7, > 0 be such that
kniy — 0. Forevery k e N, m=0,...,k—1, and o = 1,2, we can construct a
function ¢;"" € C°°([—ny, ni]; R?) such that |¢7""| = 1, (¢;"“) # 0, and for
every j € NU {0}

DI (=) = D70 (6 —me), DI op " (mi) = DITR (6" + i),

where D7 denotes the derivative of order j. Indeed, as |0k ()| = 1, there exist
two real functions ¢y and ¥y such that

sin ¢ (t) cos ¥ (t)
U(t) = | singx(t)sindy(t) |,
cos @i (t)

where ¢ and ), are smooth except at the points ;. For every k,m,a and
for t € [—ng, nk] we define

sin @, (t) cos 9} (t)
@ (t) = | sing"*(t)sind]"(t) |,
cos " (t)

15



where ¢,"" and 9}"" are smooth transitions constructed in such a way that
(67 % 0 and
DIg®(—=nk) = Do (6" — i), DIl () = Do (67 + i),
D79 (=nk) = DIy (67" — i), DI () = DOy + )

for every j € NU{0}.
The required sequence is then given by

Ui (t) if ¢ € [0, \ Uy o Uamy (7% — iy 177 ),
ot — ") it e (6 — et + k).

vkt =

It is clear that vy is smooth, |vg| = 1, and v}, # 0. Moreover, since kn, — 0, we
have that ||vx, — k|2 — 0, hence vy converge to v weakly in L2((0,¢); R3).

Step 2. Let v be a piecewise constant function with |v| < 1 a.e. in (0,¢). Then
there exist a partition 0 = sp < s1 < -+ < sy = £ of (0,¢) and some constant
vectors 1, ..., ynm with |g;| < 1 such that

M
U= Z X(sifl,si)gi-
i=1

On every interval (s;—1, s;) we can repeat the construction of Step 1. In this way
we obtain a sequence (vi) with the desired properties, except for the regularity,
as vg may jump at the points s;. Around these points we can make v smooth by
introducing a transition function like ¢, of Step 1 on small intervals (s;—1 —
Nk, Si + Nk), where np — 0.

Step 3. Let us consider now the general case. Let v be as in the statement of the
lemma. Then we can construct a sequence o,, of piecewise constant functions
with |6, < 1 a.e. and ©,, — v strongly in L?((0,£); R3).

We note that, owing to the bound |v| < 1, we can restrict our attention to a
bounded subset of L2((0,¢); R3), where the weak topology is metrizable. By the
previous step for every n there exists a sequence (v}') C C*((0, £); R?) such that
lop| =1, (vF)" # 0, and v} — v, weakly in L2((0,£); R?). A diagonal argument
allows us to conclude the proof. O

Lemma 4.4 Let R € W12((0,£); R3*3) be such that R € SO(3) a.e. in (0,£).
Then there exists a sequence of analytic functions RV : [0,£] — R3*3 such
that R € SO(3) in [0,£] and R* — R in W12((0,£); R3*3). If moreover
(RTR1)ij = 0 for some i # j, then we can choose also ((R*)"RY)i; = 0 in
[0,£] for every v € N. If in addition R € C*([0,¢]);R3*3) for some k > 1, then
RY — R in C*([0, £]; R3*3).

PROOF. Let us set A := RTR; € L2((0,¢);R3*3). Since (RTR)1 = 0, the
matrix A is skew-symmetric. Then there are o, 8, v € L?(0, /) such that

0 v o«
A= —v 0 8
—-a -3 0
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Let («¥), (8¥), and (") be sequences of polynomials on [0, £] such that

o - a pBY—=pB, Y=~ in LQ(O,E) (21)
and define
0 ¥ooa¥
AY = _'YU 0 ﬁl/
—a¥ =B 0

Let R” be the unique solution to the linear initial value problem

{Rj’l =R'A” i 0,4, (22)

R¥(0) = R(0).

Since A” is analytic on [0, ¢], the same is true for R”. Moreover, from the fact
that (R*TRY) 1 = AT + AY = 0 and R”(0)T R*(0) = R(0)T R(0) = I, it follows
that R*TRY = I, that is, R”(t) € SO(3) for any t € [0, ].
Setting Z¥ := R — RV, it is easy to check that Z" is the unique solution to
the problem
{Zﬁ = ZVAY + R(A— A¥) in [0,4], (23)
Z*(0) = 0.

By Gronwall’s lemma, Holder’s inequality and the boundedness of (A”) in L2,
for a.e. t € (0, ¢) we have

127 (1)]

IN

t
[ IROIAG) — 475 ds ofi 101
0
CIRl< A~ A7) 2.

IN

hence
|R(t) — R"(1)| < C||A — AY|| e,

which implies that
R” — Rin L>=((0,£); R**?). (24)

From (23) we have
12502 < 127 |L=<[|A]|z2 + Cl Rl < [| A — A”| > (25)

and taking the limit as v — oo we get [|Z[|z2 — 0, which implies that the
convergence in (24) is in the norm of W12((0,£); R3*3), and the first part of
the lemma is proven.

To prove the second part of the statement, let assume, to fix ideas, that
(RT"R1)12 = 0. Then we have v = 0, hence we can choose v* = 0 for any
v € N. Thus, by (22), we have

(R""RY)12 = (R"TRVA")15 = AYy = 4" = 0.

If now R € C*([0,£]; R3*3), then A € C*~1([0,¢]; R3*3). Thus, we can find
sequences of polynomials (), (5”), and (7”) such that the convergences in
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(21) hold with respect to the C*~! norm. Arguing similarly as in (25), it is
then easy to prove that R” — R in C¥([0, ¢]; R3*3). 0O

Remark 4.5 The purpose of the present remark is to give a geometrical-me-
chanical interpretation of the components of the matrix A = RT R, which
played a major role in the proof of Lemma 4.4.

Let R € W12((0,4); R3*3) be such that R € SO(3) a.e. in (0,¢), and assume
that the vectors R(z1)ez and R(x1)es characterize the configuration of the de-
formed cross-section with coordinate x, like, for instance, the vectors e and
e3 characterize the cross-section in the reference configuration. Then, from the
identity

Aij = €; -RTRJej = Rei . (Rej))l
we can see that the component A;; measures the change of the characterizing
vector Re; along the direction Re;. Thus A;; are strains, in particular A;o and
A13 measure fleaxure, while As3 measures torsion.

Lemma 4.6 Let y,ds : [0,¢] — R? be analytic functions such that
ly|=|da| =1, y"#0, and y -dz=y"-d2=0 1in][0,.

Then there exist some n > 0 and an analytic function u : [0,4] x -2, 3] — R3
such that u is an isometry on [0,€] x [—2, 2] satisfying u(x1,0) = y(x1) and

2702
u 2(x1,0) = da(z1) for every xq € [0,4].

PRrOOF. We need to show that there exists some tubular neighbourhood U of
[0, £]x{0} such that the problem

wp-ug =1 in U,
U -uUo =1 in U,
ug-ugz =0 in U, (26)

u(z1,0) = y(z1) for z1 € [0, 4],
u2(1,0) = da(z1) for xy €[0,4],

has an analytic solution u defined in U.

We follow the classical results in the construction of local isometric embed-
dings of analytic metrics (see [13, Section 1.1] or [20, Chapter 11]). We first
derive an equivalent formulation of (26). Differentiating the second equation in
(26) with respect to x1 we deduce that

U 12 U2 = 0 in U. (27)

Differentiating the system with respect to x3 and using the equality above, we
obtain that any solution to (26) satisfies

U1 U222 = 0 in U7
U2 U222 = 0 in U7 (28)

’UJ711 . u722 = u712 . ’U,112 in U

18



We shall show that the system (28), supplemented by the initial conditions
w(z1,0) = y(r1), wa(z1,0) =do(z1) for 1 € 0,4, (29)

is equivalent to (26). Indeed, let u be an analytic solution to (28)—(29). From the
second equation in (28) and the assumption that |dz| = 1 it follows immediately
that |u2| = 1in U and, in particular, that (27) is satisfied. Now, using the first
equation in (28) and (27), we have

(’UJJ . ’U,ﬁg) 2 =U12 U2 + U1 U222 = 0 in U.

From the assumption 3’ -dy = 0 on [0, ¢] it follows that also the third equation
in (26) is satisfied, which, in turn, yields

U1 U2+ UL U2 =0 inU. (30)

Differentiating (27) with respect to z; and using the last equation in (28), we
obtain

O=uii2-u2+ui2- Uiz =u112 U2+ U 11" U222 = (U,ll '%2))2,
hence, by the boundary conditions,
ui1-u2=0 inU.
Combining this equality with (30), we conclude that

1
O:uyl-uylg = 5(11,11'11,11))2 in U.
This, together with the assumption that |y'| = 1, yields the first equation in
(26). Therefore, (26) is equivalent to (28)—(29).
Now, we observe that, if the vectors u 1, w2, © 11 are linearly independent
in U, then we can solve u 22 from (28) to obtain

w22 = F(u1,u2,u11,u,12) inU,

where F' is an analytic function of all its arguments. Owing to the analytic
regularity of y and ds, the Cauchy-Kovalevskaya theorem guarantees that the
previous equation, supplemented by the initial conditions (29), always admits an
analytic solution u in a neighbourhood U of [0, £]x{0}. Since the vectorsu i, u 2,
u 11 are linearly independent on [0, £]x {0}, they remain linearly independent in
a small neighbourhood U’ of [0, £]x{0} contained in U. Therefore, u is a solution
to (28)—(29), and, in turn, of (26) in U’. O

We are now in a position to prove the main result of this section.

PROOF OF THEOREM 4.1. 1. (Compactness) Let (y") be a sequence in
Wh2(Q; R3) satisfying (19). By Lemma 3.2 there exists a sequence of rotations
(RM) for which

||Vhyh — Rh||L2 < Cep,.
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Since R" converge, up to subsequences, to some F weakly* in L°°, we have that
Viry" converge to F weakly in L?. This implies that, up to additive constants,
y" converge to some y weakly in W2 where yo» = y3 = 0 a.e. in Q and
y1 = Fey. Since F is a weak™ limit of rotations, we deduce that |y 1| <1 a.e.
in Q.

2. (Upper bound) Assume first to have a pair of analytic functions y,ds :
[0, 4] — R? satisfying the following conditions:
ly'|=|de] =1, ¢y"#0, and y -do=1vy"-d2=0 in|0,/]. (31)

By Lemma 4.6, there exist some n > 0 and an analytic function u : [0,¢] X
[—#,2] — R? such that u is an isometry on [0, ¢] x [—#, Z] and satisfies
u(z1,0) =y(xr1) and wso(r1,0) =do(xy) for every z; € [0,4]. (32)
We set n:=wu 1 x us. For every 0 < h < n we consider the following recovery
sequence:
y" () == u(zy, hao) + dpasn(zy, has)

for every z € Q. By (32), it is easy to check that y* — y strongly in W2(Q; R?).
Moreover, we have
vhyh(x) = Q(Ilv hx?) + O(ah)v

where @ := (u,1|u2ln) € SO(3) and O(d;,) denotes a function such that O(dy,)/dp,
is uniformly bounded. In particular,

QTVry" =1+ 0(),
so that by frame-indifference and Taylor expansion (see (4)) we obtain
W(Vry") = W(I +0(8r)) = O(5}).
By (20) we conclude that E—EW(Vhyh) converges to 0 uniformly, hence

1
= W(Viy")dz — 0.
hJa
Assume now that y € C*°([0, ¢];R?), |y'| = 1, and y” # 0 in [0, £]. For every
t € [0, £] we set

0 o
Since |y’| = 1, we have

R:=(y'| - b|n) € SO®3), (33)

(RTR71)12 = —y/ b= y” -b=0. (34)

By Lemma 4.4, there exists a sequence of analytic functions R : [0, /] — R3*3
such that RY € SO(?)), ((RV)TR:jl)lg = O7 and RY¥ — R in Cl([O,E];R3X3) as

Vv — OQ.
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For every x1 € [0, {] we set

y’(x1) = y(0) + /Oml R”(s)ey ds, dy(z1) :== R”(x1)es.

Then y” and d4 are analytic functions and satisfy conditions (31). Indeed, as
R converge to R ; uniformly on [0,/] and Rie; = y” # 0 in [0,/], we can
assume that R%e; = (y”)” # 0 in [0,/] for v large enough. Moreover, y* — y
strongly in W12((0,¢); R?) as v — co. By the previous step for every v € N
there exists a sequence of functions (y***) in W12(€2; R?) such that y*" — y”
and )
— [ W(Vry"")dz =0
€h Ja
as h — 0. Hence, by a standard diagonal argument, there exists a sequence v, —
0 such that, setting y" := y»" we have that y" — y strongly in W12(; R?)
and .
- [ W(Vny")dx — 0. (35)
€h Ja
Finally, let y € W12(Q;R3) be such that |y1] <1, yo = y3 = 0 a.e. in Q.
By Lemma 4.3, there exists a sequence (vy) in C°°([0,£]; R?) such that |vx| = 1,
v}, # 0 in [0,€], and vy, — vy weakly in L?((0,¢); R?) as k — oco. Let

ug(t) := y(0) +/0 vk (s) ds, t € (0,0),

so that u, —y weakly in W12(Q;R3). By the previous step, for every k there
exists a sequence of functions (y}) in W12(Q;R?) such that y} — uy and

1

— [ W(Vay)dz —0

€y Ja

as h — 0. Again by a diagonal argument we deduce that there exists a sequence
kn — oo such that, setting y" := y! we have that y" —y in W?(Q;R?) and
(35) holds. This concludes the proof. m|

5 The critical case

Throughout this section we shall consider a sequence of deformations (y") C
Wh2(Q; R?) such that

I"(y™) = | W(Vpyh)de < Ce32, (36)
Q
where -



In this regime the class of limiting deformations is given by the following set:
A= {(y,da, d3) € W>?((0,£); R?) x WH2((0,£); R?) x WH((0,£); R?) :
(y.1]d2|d3) € SO(3) and y1 -d21 =0 a.e. in (0,£)}. (38)
Moreover, we have the following result.
Theorem 5.1 Assume (37). Then the following assertions hold.
1. (Compactness and lower bound) Let (y") C W12(Q;R?) satisfy

1
limsup —I"(y") < C < +oo. (39)
h—0 E&p

Then there exist a triple (y,ds,ds) € A and a subsequence (not relabeled)

such that
Viy" = (yilde|ds) in L*(Q;R3*3).
Moreover,
hminfifh( h)>i/lQ( dsq,dy-ds ;) de (40)
0 g2 Y= ) 2(Y,1-0a3,1,02 - d3,1) A1,

where Qo is the quadratic form introduced in (3).

2. (Upper bound) Assume in addition that
lim — = 0. (41)

Then for every (y,dz,ds) € A there exists a sequence (y") C WH2(Q; R3)
such that y" — y in WH2(Q;R3), Viy" — (y.1|da|ds) in L2(Q;R?*3), and

. 1 Z
lim —2[h(yh) = —24/ Q2(y,1 - d31,d2 - d3 1) day.
0

PRrROOF. 1. (Compactness and lower bound) Up to extracting a subse-
quence, we can assume that (y") satisfies (36). Thus, by Lemma 3.3 and assump-
tion (37) we can construct a sequence (Rh) in C((0,0) x (=1/2,1/2); R3%3)
such that for every h

Rh($1,$2) € SO(3) for every (z1,z2) € (0,£) x (=1/2,1/2), (42)
~h
[Vay" — R[> < Cep, (43)
~h “h
[Rille: <C, [[Rylr2 < Ch. (44)

From (42) and (44) it follows that there exists R € W12((0, £); R3*3) such that

R(z1) € SO(3) for every 7 € (0,¢) and, up to subsequences, B'—R weakly in
W2 and strongly in L2((0,£) x (—1/2,1/2); R3*3). By (43) we deduce that

Viy" = R in L*((0,0) x (=3, 3); R¥®). (45)
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This implies that Vy" — Re; @ ey strongly in L2((0,£) x (—1/2,1/2); R3*3).
Therefore, there exists y € WH2(Q;R3) such that, up to additive constants,
y" — y strongly in W12(Q;R3) and y; = Rey, y2 = y3 =0 a.e. in Q.

Let us set Re, = di, for k = 2,3. To prove that (y,da,ds) € A it remains
to show that y 1 -d>1 = 0 a.e. in 2. To this aim we remark that by the second
inequality in (44) there exists B € L?((0,¢) x (—1/2,1/2); R3*3) such that, up
to subsequences,

1.
EREAB weakly in L2((0,) x (—1, 1); R3*3), (46)

Differentiating the identity (Rh)TRh = I, dividing by h and passing to the limit,
we deduce that B satisfies

BTR+RT"B=0. (47)
Moreover, by (43) we have
1, ~n 1 ~h
|G -, . = 5 s | [ @ -V vads
h w12 Rowlye<1lJa
0

1, =~n Eh
< —||R = Vpy||2 < C=2.
> h” ny e < A

Combining the previous inequality with (37) and (46), we obtain
1
E(vhyh),zéB weakly in W12 (Q; R3*3). (48)
Now, since for every ¢ € Wol’z(Q; R?) we have
1 1
(Eyﬁz, ) = —/Q ﬁy,hz%/u dx,
passing to the limit and applying (45) and (48) yield
Bel = d271.

By (47) we have Bej - Re; = 0, which, in view of the identity above, implies
that y,1-d21 = 0 and thus, (y,ds,d3) € A.
For future reference we notice that (47) also implies that

Beg-dg = O, Beg-y)l = —Bel 'd2 = _d2,1 . dg = O,

so that Bes is parallel to d. Since B € L%((0,¢) x (—1/2,1/2); R3*3) and d3 €
L*((0,£); R3), we have that o := Bey-d3 belongs to L2((0,¢) x (—1/2,1/2)).
Finally, again by (47) we obtain

Bez-y 1= —d3-da;,

B€3 . d2 = —d3 . B€2 = —qQ,
B63 . dg =0.
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Summarizing, we have proven that the matrix B can be represented as follows:
B = (d2,1|ad3| — (d3 . d271)y71 — adg), (49)

where o € L?((0,£) x (—1/2,1/2)).

Let us now prove the lower bound (40). First of all we can assume that the
left-hand side be finite and, possibly passing to a subsequence, that the liminf
be a limit.

Let us now set .

(R)TVpyh — I

Eh '
By (43) we have that G" : Q — R3*3 is uniformly bounded in L?(2;R?**3). In
particular, up to subsequences, G" converges weakly to some G in L2(Q; R3%3).
Therefore, by Lemma 3.4 we get

Gh =

Lol 1 h 1 1
J— > — = —
hznlglf = /Q W(Vpy")dx > 5 /QQg(G) dx 5 /QQ3(Sym G)dx

Y%

3 | QGG+ G s (60

where the last inequality follows from the definition (3) of Q3.
We now claim that G has the following structure:

G(:v)el = $3RTd371 =+ G(l‘l, xo, 0)61, (51)
G(z)es = 23R Beg + G(x1,72,0)es. (52)
Identity (51) follows by proving that (Ge1) 3 = RTds 1 in W—12(Q; R?). Indeed,
by definition,
. 1 .
RhGhel = — (- Rhel).
En
Since Rh does not depend on x3, we have

~h 1 1
(R G"ey) 5= ay,hlg = ay,hsl- (53)

Recall that R converges to R weakly in W12((0, /) x (—=1/2,1/2); R3*3), hence
strongly in LP((0,£) x (—=1/2,1/2);R3*3) for every p < oo, while G" con-
verges to G weakly in L2?(2;R3%3). Therefore, we have that R"Ghey — RGe,
in L2(Q; R3), hence

(RhGh€1)73 — (RG€1)73 =R (G61)73 in W_1’2(Q; RBXS).
Then, passing to the limit in (53), using (45) and (37), we conclude that
R(Ge1) s =ds3n,

which implies (51).
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Identity (52) follows by proving that (Gez) 3 = Bes in W~12(Q). Indeed,

1.1, 1

o (hy,z) 37 —y,%z

~h ~h
(R'G"e3) 3 =R (G"es) 3 = -
s Eh

Passing to the limit and using (48), we conclude that
R (G62)13 = Beg,

which implies (52).
Combining (49), (51), (52), and the definition of R, we obtain

/QQ2(G11, 2(G12 + G21))dw =

= / Q2(w3y,1 - ds1 + Giijug=0, T3d2 - d3.1 + 3(G12jz5—0 + G21}ss=0)) dz
Q

/ 23Q2(y,1 - ds1,da - ds) + Q2(Giijws—0, 3(Gi2jzs—0 + Go1jzs—0)) dz
Q

1 E
> / $§Q2(y,1 “dg,1,da 'ds,l) dxr = E/ Qz(y,1 “ds,1,dz - ds,l) dx,
Q 0

where the second equality follows by the fact that y 1, d2 and ds do not depend
on z3, and by the symmetry of the domain 2. This inequality, together with
(50), yields the lower bound (40).

2. (Upper bound) Let (y,ds,d3) € A and let R := (y,1|d2|d3). Assume first
that y,ds,ds € C?([0,/];R?). For every h > 0 let us consider the function

y"(x) = y(x1)+haedy(w1)+opwads (21) —hdpaawads (1) - da1 (x1)y,1 (21)+58" (2),
(54)
with
ph(z) == —h2§522(1171)d3(1171) + hépwox3Paz(w1)d2 (21)+
+6523 [Brs(x1)y.1 (1) + Pas(w1)da(w1) + §33(x1)ds(21)]

where (B13(x1), Baz(21), f23(x1), B33(x1)) is the solution of the minimum prob-
lem (3) with a(z1) =ds,1-y1 and B(x1) = da - ds 1, that is

Q2(ds,1-y,1,d2-ds 1) = Q3(B),

where
d3p-ya do-ds1 B3
B:=| dy-d3; B22 B3
B13 B2s  Bs3

Before proceeding with the proof we note that the first term on the right of
the ansatz (54) describes the deformation of the axis of the beam, the second
and third terms produce a rigid rotation of the cross-sections, while the fourth
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term takes into account that the cross-section does not remain planar. This
latter term may be interpreted as the warping of the cross-section, in fact it is
proportional to ds - da ;1 which is a measure of torsion, see Remark 4.5.

Under the regularity assumptions on y 1, d2 and ds, we have 3;; € C*([0,£]).
Moreover,

Viay" = R+ hay(dy 1| — Baads| — ds - da 1y + Baads)
+ 6nas(ds| — ds - do1y1 + Boada|2B13y,1 + 2B2sda + Bazds) + O(h?),

where O(h?) denotes a function such that O(h?)/h? is uniformly bounded. It
is immediate to see that y" — y in WH2(Q;R3) and Vj,y" — R = (y.1]dz2|d3) in
L2(Q; RSXB)'

To prove the convergence of energies we observe that from the previous
computations and the fact that da 1 -y1 =0 and dz - d21 = —d3,1 - d2, it follows
that

0 0 —ds - d271
RTVuyh = 1+ hay 0 0 B22 +
d3-da1  —Pa2 0

d3p-ya dsi-da 2Bi3
+onprs | dsi-dy  Paz 2023 | +O(R),
0 0 B33

hence, using the formula (I + A)T(I + A) = I +2sym A + AT A,

d31-y1 dzq-d2 2B3
(Vay") IV = T+ 20pxz3sym | dsi-dy Baz 2Baz | + O(R?).
0 0 B33

A/ (Vhyh)TVhyh =1+ 0px3B + O(h2)

and by frame indifference and polar decomposition

W(Vay") = WL/ (Vay")TViyh) = W(I + 6p23B + O(h?)).

Since for h small enough the matrix I+§, 23 B+O(h?) belongs to a neighborhood
of I where W is of class C?, by Taylor expansion (see (4)) we have

Therefore,

1
W(Viy") = 50,23Qs(B) + O(h) + O(h*61) + o(37),
so that, by (37) and (41), we deduce that

1 1 . .
¥W(Vhyh) — §I§Q3(B) pointwise in €2,

and

1 .
¥|W(Vhyh)| <C(BP+1) inQ
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for some constant C' > 0. We emphasize that this is the only step of the proof
where we need the additional requirement (41).
By dominated convergence we conclude that

1 1 1 [f
lim — Mdr = = 205(B)dx = — dsq-y1,dsq-dy)de.
hlg%)ai QW(Vhy) x 2/Q$3Q3()$ 24/0Q2( 31°Y1,ds,1-d2)dzy
(55)

Consider now the general case. Let (y,ds,ds) € A and let

(B13(x1), Baz(x1), B3 (1), Bas(x1))

be the solution of the minimum problem (3) with a(x1) = ds,1 -y,1 and B(x1) =
da - ds 1, as above. Under the regularity assumptions on y 1, d2 and ds we have
Bij € L*(0,£). We can construct, by convolution, sequences 3}; € C'([0, {]) such
that ﬂluj — ﬂij in L2(O,€)

Since R € W12((0,£); R3*3) and since, by the definition of R and of the set
A, we have

0 0 wi-dsa
R'R, = 0 do-dsy | € L*(0,0;R3*?)
skew 0

then, by Lemma 4.4, we can find a sequence of rotations R¥ € C>°([0, £]; R3*3)
such that RV — R in W12((0,£); R®*3) and (R*"R")12 = 0. Let us set

2
y(z1) == / R (s)e; ds, d’(z1) := R"(x1)e, for a=2,3.
0

Then, y¥, dy, d5 € C*([0,(];R?) and (y”,d%,d5) € A. Moreover, y” converges
to y strongly in W12((0, £); R?), while d5 and d¥ converge to d2 and d3, respec-
tively, strongly in W12((0,¢);R?), as v — oco. By the previous step for every
v € N there exists a sequence of functions (y**?) such that y*"" — y* strongly
in Wh2(Q;R3), Vipy”" — R” = (y4|ds|d%) strongly in L?(Q; R**3), and

1 1 [t
L[ wwyae - L / Qulds s -y d5 - d8) das,
Eh Q 24 0 3 9 3

as h — 0. Hence, by a standard diagonal argument, there exists a sequence
v, — 0 such that the sequence y" := y*»" has all the required properties. O

Remark 5.2 In the proof of part 2 of Theorem 5.1, we have shown that, under

the assumption
h2
lim — =0,
h—0 5h
for every smooth triple (y,ds2,ds) € A and every smooth f;; : [0,¢] — R it is

possible to construct a sequence of smooth functions 3" such that y" — y in
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Wl’Q(Q;Rs), Vhyh — (y,l|d2|d3) in L2(Q;R3X3),
1 1 dsi-y1 dzi-da Bis
lim — [ W(Vpy")de = 2 Qs B2 B2z | dz,
0

h—0 &
h S5 sym B33

and in addition,

Yi2 y 22 .
y7hl1 — Y11 —h — d211 h2 — ﬂ22d3 mn LQ(Q,RS)
The aim of the present remark is simply to show that in the case
h2
lim — = o0,
h—0 Op,

it is impossible to find a recovery sequence satisfying all the above properties
and with B2 an arbitrary function of z1. To see this, suppose there exists a y"
with the above properties and note that any smooth function y" satisfies the
identity

Loh o h y22 h h :
ﬁ(yvl'y,l),m = (hz 'y,l),l +W'y,11 TR T

/—\ N | —

Let ¢ € C§°(92). Then

11 ho R yh22 922 h Yl yhl
1 . de = [ Y22 gt =212 P12 (56
272 /Qy,l Yi1¢,22de L2 1/’1‘|'( n2 Y nh 2 ) dz. (56)

The left-hand side of (56) converges to zero, since

1 1 R ~h _h
ﬁ}/y,hl'y,hldkzzdﬂ = ﬁ|/[(yhl -R 61)'24,}11 +R 61'(9,]11 — R e)
Q Q
“h ~h
+R €1 -R €1 1#722 d$|
_h
= hz’/ - R e1) (yhl + R e1)Y0 dfc‘
_h
< p”(yg - R 61)|\L2(sz)||(y,hl + R e1) 22l L2(0)
on
S Cﬁa

where we have applied Lemma 3.3 to the sequence (y").
Thus passing to the limit in (56), under the assumed convergence, we find

0= / —Ba2d3 -y 11 + (—B22ds -y 11 — daq1 - do1)y de.
Q

Hence, taking into account that ds 1 = (da,1 - d3)ds, we deduce

0= (y,1 'd3,1)522 - (d2,1 'd3)2,

which implies that 825 can not be a generic function. Hence the contradiction.
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6 Convergence of minimizers

In this section we consider a sequence of forces and we characterize the asymp-
totic behaviour, as h — 0, of minimizers (or almost minimizers) of the total
energy. This is made precise in the following two theorems.

Theorem 6.1 (Subcritical case) Let e, — 0 and

lim On _ 0. (57)
h—0 €p,
Let f", f € L2(;R3) be such that
1
/ M x)de =0 and 5_2fh — f weakly in L*(;R3). (58)
Q h

Let

T (y) = 1"(y) — th-ydx

fory € WH2(Q;R3).
Then |inf Jh| < Ce2. Moreover, if (y") C WH2(Q;R?) is a minimizing
sequence of E%Jh in the following sense
h

(L oy e L h)_
%%(E%J (y™) 1nf6}2LJ =0, (59)

then there exist some constants c' € R® and a function y € WH2(Q;R3) such

that, up to subsequences, y" —c — i weakly in W2(Q; R®). The limit i satisfies
[71] <1, 2 =93=0 a.e. in Q and minimizes the functional

4
Jsub(y) = _/0 f-yd:z:l

among all y € WH2((0,£);R3) with |y'| < 1. Here we have set f(x1) =
f(_; 1)2 f(x) dzodrs. Furthermore, we have
272

1 1
lim — inf J" = Jim — " (y") = Joup(§) = min Sy

2
h—0 €y —0 €n

PROOF. For further reference we divide the proof into two steps.

STEP 1. Consider the identity deformation py(z) := (21, haa, dpxs). Then by
Holder inequality and (58) we have

inf J* < T (p) = _/ Fopnda < Cllf"| 12 < Ce2. (60)
Q
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Let now (y") be a minimizing sequence of % J" in the sense of (59), and let
h

us denote by ¢ the average of y" on Q. Using (58), (59), (60), and Poincaré-
Wirtinger inequality we obtain

ke, by Th(,h h_(h
I"(y") = J(y)+/Qf (y

Cel +erlly" — |2 < Ce} + Cer || Vy" |2 (61)

IN

From the assumptions on W it follows that W (F) > C|F|?> — C’ for every
F € R?**3 and for some constant C,C’ > 0, so that

I"(y") = ClIViy"[I72 — C'10] = ClIVy"[I72 - €1,

Combining the two previous estimates we deduce that the sequence (Vy") is
uniformly bounded in L?(Q;R3*3). In particular, by (61) this implies that

1"(y") < Cej. (62)

Moreover, using again (58) and Poincaré-Wirtinger inequality, we obtain
Ty = — [ (" ) de > =0 | V"2 > —Cef.
Q

Since (y") is a minimizing sequence, the last inequality together with (60) im-
plies that |inf J"| < Ce3.

STEP 2. Assume now (57). By (62) and by Theorem 4.1, part 1, there exist
some constants ¢ € R? and a function § € WH2(Q;R3) such that |7:| < 1,
Yo =793=0ae in Qand y"—c" —gin WH2(Q;R3). In particular, y" —c" — g
in L?(Q2;R3). Using (58) we deduce that

1 1
liminf —J"(y") > 1iminf(—/ Tfh.(yh—ch)dx)
Q¢h

h—0 Eh h—0

= - 0 fryde = Jsuw(9)- (63)
R?) with |y/| < 1. By Theorem 4.1, part 2, there exists

Let now y € W12((0,4); R3)
2(Q;R?) such that §"—y in WH2(Q;R?) and

a sequence (j") C Wt

1
lim —I"(g") = 0.
h—0 gy
This implies that
lim sup — Jh( hy = limsup( 1anh><hmsup J (M)
h—0 Eh h—0 h—0 ah

= 1imsup / fh AhdI = sub() (64)

h—0

Combining (63) and (64) we have the thesis. O

In the critical case we may consider more general loads, see Remark 6.3
below.
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Theorem 6.2 (Critical case) Let
) (65)

and suppose in addition that (41) is satisfied. Let F" F € L?(Q;R3*3) be such
that

1 .
th — F weakly in L*(Q;R3*3), (66)

Let
JM(y) =1"(y) — / F" . Vydz
Q

fory € WH2(Q;R3).

Then |inf J"| < Ce2. Moreover, if (y") C WL2(Q;R?) is a minimizing
sequence of gl}th in the sense of (59), then there exist some constants c* € R?
and a triple (7, dz, d3) € A such that, up to subsequences, y" — c" — ¢ strongly
in WH2(Q;R®) and Vipy" — (91]d2|ds) in L2(Q;R3*3). Moreover, the limit
triple (7, d2, d3) minimizes the functional

1t ¢
Jerit(y, da, d3) = ﬂ/ Q2(y,1-ds,1,ds-ds ) dey —/ F - (y1|d2|ds) day
0 0

among all triples (y, ds, d3) € A, where we have set F(x1) := f(_l 1)2 F(z) dzodxs.
272

Furthermore, we have

. 1. h . 1 hi h _ 7 7 .

]113% % inf J* = ]113% %J (y") = Jerit (U, d2, d3) = min Jepiz.
PROOF. As in the case of Theorem 6.1 the proof can be divided into two steps.
STEP 1. This is quite similar to that of Theorem 6.1.
STEP 2. Assume (41) and (65). By (62) and by Theorem 5.1, part 1, there
exist some constants ¢’ € R3 and a triple (7,ds,d3) € A such that, up to
subsequences, y" — c" — § strongly in WH2(Q;R?) and Vpy" — (9.1]d2|d3) in
L2(£; R3*3). Moreover, by (40) and (66) we deduce that

R ST
il > J. . )
hin 1(r)1f E}QLJ W") > Jerit(y, da, d3) (67)

Let now (y, da,ds) € A. By Theorem 5.1, part 2, there exists a sequence (§") C
WH2(Q; R?) such that §" — y in W12(Q; R?) and

R 1 [
%12% %Ih(yh) = ﬂ/o Q2(y,1-ds1,d2-ds3 1) dx.
This implies that
1 1
lim sup —2Jh(yh) = limsup (—2 inf Jh)
h—0 €} h—0 \Ej
1
< lim sup —2Jh@h) = Jcrit (y7 d?; d3) (68)
h—0 &}
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Combining (67) and (68) we have the thesis. O

Remark 6.3 Let S" :=e1®e1 + 1/hea®ea+1/dpes R es. If F" besides being
in L2(;R3*3) is slightly more regular then

/Fh-Vhyd:c: fh-yd:v—i—/ sty de, (69)
Q Q a0

for any y € WH2(Q;R?), where the body and surface forces f* and s" are given
by
fh = —divFhsh, sh .= Fhshy,

with v the exterior normal to the boundary of €.
Conversely, for any f* € L2(Q;R?) and s" € L2(0Q;R?) such that

/fhd:v—i—/ shdx =0,
Q o0

it is always possible to find an F* € L?(Q;R**3) for which (69) is satisfied.
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